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^ . Abstract 

Qj • For a topological group G the intersection Kor(G) of all kernels of ordinary rep- 

I resentations is studied. We show that Kor(G) is contained in the center of G if G 

is a connected pro-Lie group. The class Kor(C) is determined explicitly if C is the 
class CONNLie of connected Lie groups or the class ALMCONNLie of almost con- 
nected Lie groups: in both cases, it consists of all compactly generated abelian Lie 
I groups. Every compact abelian group and every connected abelian pro-Lie group 

i occurs as Kor(G) for some connected pro-Lie group G. However, the dimension 

I of Kor(G) is bounded by the cardinality of the continuum if G is locally compact 

and connected. Examples are given to show that Kor(C) becomes complicated if 
C contains groups with infinitely many connected components. 



(N 



1 The questions we consider and the answers that we have found 

> 

O ! In the present paper we study (Hausdorff) topological groups. If all else fails, we endow 
^ ■ a group with the discrete topology. 

Q . For any group G one tries, traditionally, to understand the group by means of rep- 

^ I resentations as groups of matrices. To this end, one studies the continuous homomor- 
phisms from G to GL„C for suitable positive integers n; so-called ordinary representa- 
O . tions. This approach works perfectly for finite groups because any such group has a 
faithful ordinary representation but we may face difficulties for infinite groups; there 
do exist groups admitting no ordinary representations apart from the trivial (constant) 
^ ■ one. SeelmUbelow. 

The possible images of G under ordinary representations are called linear groups 
over C. More generally, one may study linear groups over arbitrary fields. See 14711 
and II50II for overviews of results in that direction. We just note here that for every 
free abelian group A there exists at least one field F such that A is a linear group over F. 
However, there do exist abelian groups that are not linear over any field, see Il33ll . cf. Il47l 
2.2]. Note also that quotients of linear groups may fail to be linear, cf. Il47l Ch. 6]. This 
phenomenon will play a role in l4.1l below. 

In the present notes, we are mainly interested in that part of G that cannot be un- 
derstood by means of ordinary representations, namely, the intersection Kor(G) of all 
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kernels of ordinary linear representations. A detailed overview over the results of the 
present paper will be given in II .51 below: we give some coarse indications here before 
we introduce more specific notation. 

We will show that Kor(G) is a central subgroup of G if G belongs to the class 
CONNProLie of all connected pro-Lie groups (in particular, if G is locally compact 
and connected). Moreover, we investigate the class Kor{Q) := {Kor(G) \ G E Q} 
for different classes Q of groups. For the class ConnLie of connected Lie groups, in 
particular, we show in 14.51 that Kor(ConnLie) is the class CgAL of compactly gen- 
erated abelian Lie groups. Thus this class is as large as possible (after the observation 
that Kor(G) is central for each G G CONNLie, cf.|331). The class Kor(CONNProLie) 
contains all connected abelian pro-Lie groups and all compact abelian groups, see 16.31 
For the class ConnLCG of connected locally compact groups it turns out that there 
is a somewhat surprising bound on the dimension of members of Kor(CONNLCG), 
seelTlSl 

1.1 Notation. For topological groups G, H let Hom(G, H) denote the set of continuous 
homomorphisms from G to H. If G and H are (topological) vector spaces over F, we 
write Hom]F(G, H) for the set of continuous F-linear homomorphisms. We put 

OR(G) := IJ Hom(G,GL„C), then Kor(G) = f] kerp. 

"GIN pGOR(G) 

Clearly Kor(G) is a closed normal subgroup of G, in fact, it is fully invariant (i.e., each 
endomorphism of the topological group G maps Kor(G) into itself, see l2.1l below). 

In order to keep notation simple, we also consider continuous homomorphisms from 
G to the group GL{V) of all linear bijections of a vector space V of finite dimension n 
over F G {R, C}. Note that this does not mean that we consider our problem in greater 
generality because GL{V) is isomorphic to GL„F < GL„C. 

1.2 Remarks. Our present problem bears some similarity to questions that arise in char- 
acter theory. E.g., for a locally compact abelian group G the ordinary representations 
may be reduced to collections of homomorphisms from G into GLiC = = R x T 
where T := R/Z as usual. The elements of G* := Hom(G,T) are called characters of G 
while those of Hom(G, R) are the real character^ Since Hom(R, T) separates points 
we have OxgG* ^^^X ^ npgHom(G,iR) kerp. Pontryagin's duality theory for locally com- 
pact abelian groups (cf. Il45l Ch. F]) uses characters, it rests on the fact that Hom(G,T) 
separates points for each locally compact abelian group. This is no longer true for arbi- 
trary topological abelian groups, cf. IfTSl 23.32]. The intersection over the kernels of real 
characters has been identified in [H, cf. Il48ll . ll3H . 

^ One should not confuse this notion of real character (of topological abelian groups) with the usage of 
the term in the theory of characters of finite groups where it denotes a class function assuming real 
values, cf. (8] p. 56 ff]. Take the direct product HpeP ^(p"^) with the discrete topology. The direct sxmi 
©pgp s Q/Z is the torsion subgroup, but the full product is isomorphic to (Q(2**o) ^ q/z.. The 

latter is isomorphic to (R/Z)^[g^^ and to (K x Q/Z.)^^^„. The projection onto the torsionfree summand 
q(2**ii) 2 Rjig^j is a real character, indeed. 
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1.3 Remark. Our present problem disappears if we take a local (or, rather, an infinites- 
imal) point of view. Indeed Ado's Theorem (111, see 121 for an English translation, cf. 
also 1121 , II27I , ||46l) asserts that every Lie algebra g of finite dimension over R or C has 
a faithful ordinary representation; i.e. a faithful homomorphism into gl^IR for some n. 
Thus a single, suitably chosen representation suffices to show that Ror(g) is trivial, 
where 

ilor(g) := n H ^erp. 

JieIN pGHom(g,Bl„C) 

For a pro-Lie algebra g (i.e., a projective limit g of Lie algebras of finite dimension over R 
such that g is complete as a topological vector space, cf. |23l. Ch. 7]) one also knows that 
ilor(g) is trivial. 

In particular, there is no useful relationship between Kor(G) and 5lor(fi(G) ) if G is a 
group which has Lie algebra fi(G) (in the sense of l3.1l below). However, the Lie algebra 
will be useful to construct ordinary representations of a pro-Lie group, see 13.41 

1.4 Some classes of groups. The following will be of interest to us here: 
TG : topological Hausdorff groups, 

ProLie : pro-Lie groups, i.e., complete projective limits of Lie groups, 

CG : compact groups, 

LCG : locally compact groups, 

LCA : locally compact abelian groups. 

Lie : Lie groups (without separability assumptions, i.e., including all discrete groups), 

SepLie : separable Lie groups (i.e., the t7-compact members of Lie), 

CgAL = LCA n SepLie : compactly generated abelian Lie groups, 

and the classes AbQ, Conn^ or ALMCONNt? consisting of the abelian, connected or 

almost connected members of the class G/ respectively. Here a group G is called almost 

connected if the quotient G/Gq modulo the connected component Go is compact. 

For sentimental historical reasons, we write LCA and C A instead of the more system- 
atic AbLCG and AbCG, respectively. The diagram in Figure [T] indicates the inclusions 
between these classes. 

Note that we only consider Hausdorff groups; otherwise, the closure of the trivial 
subgroup would occur inside Kor(G) throughout. 

As it is customary in the theory of locally compact groups, we do not include sepa- 
rability in the definition of a Lie group. This means that every discrete group is a Lie 
group, and it secures (via the solution of Hilbert's Fifth Problem, cf . Il49l , IMJ) that every 
locally euclidean group is a Lie group. Thus the additive group Raiser of real numbers 
with the discrete topology belongs to Lie \ SepLie (it is not a member of CgAL), and 
the identity from Raiser to R is a bijective morphism of Lie groups which is not open. If 
one wants to use the Open Mapping Theorem (which is indeed one of the major reasons 
to require separability) one has to be careful and make sure that the domain of the map- 
ping is c^-compact. Note that every closed subgroup of an almost connected Lie group 
belongs to SepLie. In our present context separability does not appear to be of much 
help (see l3./|fa)[ 18.11) while almost connectedness is a useful condition for Lie groups 
(cf. I4.8|) where it actually means that the number of connected components is finite. 
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Figure 1: Inclusions between classes of topological groups 

1.5 Overview of results. In the present paper, we obtain the following. 

• KOR is a functor that preserves products, see l2.1[|2!7l 

• For each G G ConnProLie we have Kor(G) C Z(G) n C, see|3l]and|3E 

• Kor(almCONNLie) = Kor(CONNLie) = CgAL, see 1431 and l48l 

• Kor(G) is trivial for every compact and every abelian proto-Lie group G, see 15.11 

• ForG G ConnLCG the connected component (Kor(G))o of Kor(G) has a finitely 
generated dense subgroup. Thus the weight of (Kor(G))o is bounded by 2^°, 

see EMI _ 

• If G G ConnLCG is solvable then G' has a finitely generated dense subgroup, 
cf. [7l2l This implies that the weight of Kor(G) is bounded by 2^". 

• The inclusions CONNAbProLie C n(CGAL U CA) C Kor(CONNProLie) C 
S(CONNAbProLie) are established inl631andl9^ 

• KOR (ConnLCG) contains those A G LCA that possess a finitely generated dense 
subgroup, see l7.15[ 

• For each G G ConnLCG there exist A G CA and natural numbers e,f such that 
the connected component Aq is monothetic and Kor(G) = x A x W, see l7.15[ 
In particular, the dimension of members of Kor(ConnLCG) is bounded by 2^°. 

The latter two of these results mean that Kor(ConnLCG) is sandwiched between the 
class SMALLLCA of groups of the form x f x R*" where F is a compact group with 
a finitely generated dense subgroup and the class of groups of the form Z^ x A x IR*^ 
where A is compact and its connected component Aq has a finitely generated dense 
subgroup; here / and e may be arbitrary natural numbers. 

The classes Kor(SepLie) and Kor(LCG) are large and complicated, see ISH \82\ 
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and 18.41 Some open problems are stated in Section |9l Relevant results about (non-) 
linear (ity of) groups are collected in Section HOl 



2 Basic results 

In this section we discuss functoriality of KOR and the behavior of this functor with 
respect to homomorphisms (in particular quotients) and products. 

2.1 Lemma. For (p E Hom(G,H) we have (p(KOR(G)) < Kor(H). 

In particular, mapping G to Kor(G) and q> to Kor(^) := (PIkorIg) ^w^p'e»^en^s a functor 
from the category of topological groups to itself. 

Proof For each p E OR(H) we have p o cp e 0R(G), and p{(p{x)) = id follows for each 
X E Kor(G). □ 

2.2 Proposition. Let G be a group, and let N bea subgroup ofG. 

(a) In any case the group Kor(N) is contained in Kor(G). 

(b) If N is a normal subgroup of G then Kor(G)N/ N is contained in Kor(G/N). 

(c) If N is normal and contained in Kor(G) then Kor(G)/N = Kor(G/N). 

(d) The subgroup Kor(G) is a radical in the sense that Kor(G/Kor(G)) is trivial. 

Proof. The first two assertions follow from 12.11 using the inclusion map i: N ^ G and 
the canonical quotient map qj^ E Hom(G, G/N). 

Now assume that N is normal in G and contained in Kor(G). For x E G \ Kor(G) 
there exists p E OR(G) with p{x) + id, and p factors as p = Xo because N < 
Kor(G) < kerp. Thus there exists A E OR(G/N) with A(xN) + id. This means 
Kor( G)/N > Kor(G/N); the inclusion Kor( G)/N < KOR (G/N) is clear already. 



Thus (c) is established, and the last assertion follows. □ 



From I2.:^d)| we see that Kor(G) is a sort of "radical" of the group G. Note that 
Kor(G/JV) may be much larger than Kor(G)JV/N if N is not contained in Kor(G); 
the example in 14. II is instructive here, again. 

The category TG and its full subcategories ProLie, CONNProLie, AbProLie and 
CONNAbProLie are closed under arbitrary products, and these are as expected (i.e., 
cartesian products with the product topology). A category of topological groups may 
contain products (in the categorical sense) that are endowed with a topology that is 
different from the product topology; e.g., this happens in the categories LCG and LCA 
(cf. 1151 16.22]). However, products in ConnLCG are the same as those in TG (in 
particular, they exist only if all but a finite number of the factors are compact), see 1451 
16.23]. 

2.3 Definitions. For Q C TG let P(C/) denote the class of all cartesian products oi finitely 
many members of ^. By n(C/) we mean the class of arbitrary cartesian products of 
members of ^. In any case, we use the product topology. 
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The class S{G) consists of all subgroups of members of G while S(^) contains only 
the closed subgroups (which is more reasonable if one studies classes of complete 
groups as we do here). 

By Q(^) we denote the class of all Hausdorff quotient groups of members of G, i.e. 
the class of all groups G/N where G ^ G and N is a closed normal subgroup of G. 
Finally, let Q(CJ) be the class of all (Hausdorff) completions of members of G- 

2.4 Remarks. A topological group need not have a completion, cf. [SJ III § 3-4, Thm. 1]. 
The classes ProLie and ConnProLie are not closed under Q, see ||23l 4.11]. However, 
Hausdorff quotients of pro-Lie groups are proto-Lie groups (see Il23l 4.1]), i.e., they 
possess completions which belong to ProLie, again. Thus Q(ProLie) = ProLie ^ 
Q(ProLie). Locally compact groups are complete anyway (see IH III §3-3, Cor. 1], 
cf. 1231 1.31] or [:45, 8.25]), and Q(LCG) = LCG = Q(LCG). 

The following corollary to 12.21 is applicable to the class ConnLCG and its subclass 
CONNLie, cf. 13.41 The class CONNProLie is problematic because it is not closed un- 
der Q. Some restriction of the sort "Kor(G) < Z(G)" is necessary, cf. 18.41 

2.5 Corollary. Consider G Q TG ivith Q{G) = G and assume that Kor(G) < Z(G) holds 
for each G eG- Then Kor(^) = Q(KOR(^)). □ 

2.6 Lemma (gOl 11.18, 13.13], cf. 4.28]). Let N be a normal subgroup of a pro-Lie 
group G. IfN is locally compact then G/ N is complete, and thus a pro-Lie group. □ 

2.7 Proposition. The functor KOR preserves products in the category TG, in fact, we have 
KOR(]lygjAy) = ]lygjKOR(Ay). For ^ C TG this means P(KOR(^)) = Kor(^) if 

v{G) = G and n(KoR(C?)) = kor{G) if n{G) = G- 

Proof Let Yijej be a cartesian product; the indexing set / may be infinite. For m a ] 
let f]m '■ — > riyG/ ^/ be the natural inclusion, and let 7r„, : YljGj ~^ be the 
natural projection. 

If p : YljGj ~^ GL„C is an ordinary representation of the product then p o rjm 
is an ordinary representation of A„i, and we obtain that the subgroup generated by 
U;e/ '7;(KOR(Ay)) is contained in KOR(]l^ej A)- product YLj^j KOR(Ay) is the clo- 
sure of that subgroup and thus also contained in KOR{Y[j^j Aj). 

Conversely, consider X G Ylj(=j ^YljGj^^^i^j)- Then there exists m G / such 
that 7Zm{x) i Kor(A,„) and we find an ordinary representation pm of A,,, with id + 
Pm ( (^) ) = {Pm ° 7Zm){x). Since Pm o TZm is an ordinary representation of YljGj this 
shows X ^Ylj^jAj\KOR{Ylj^jAj). □ 



2.8 Lemma. Let G be a solvable connected (not necessarily closed) subgroup of GL„C. Then 
the following holds. 

(a) There exists a sequence Vq,..., V„ of G-invariant subspaces such that for all j < n we 
have Vj < Vj^i and dim Vj = j. 

(b) For any sequence as in (a) the commutator group G' acts trivially on each Vj^i/Vj. 

(c) There are no compact (in particular, no finite) subgroups in G' except the trivial one. 
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Proof. Replacing G by its closure in GL„C we lose neither solvability nor connectedness. 



cf. Il45l 2.9, 7.5]. For closed connected solvable subgroups of GL„C assertion (a) is Lie's 
Theorem, cf. Ill Thm. 2.2, Ch. III]. 

Since G acts as a subgroup of the abelian group GL(V^+i/V,) = GLiC = on 
/ the commutator group G' acts trivially on that quotient. 

Finally, let C be a compact subgroup of G'. We proceed by induction to show that C 
acts trivially on Vj for each / < n. Indeed, if C acts trivially on Vj it acts on Vj^i as a 
subgroup of the group Nj consisting of all a E GL(V,+i) acting trivially both on Vj and 
on Vj+i/Vj. Now Nj is isomorphic to the additive group Homc(V'y+i/V,-, V,). This is 
the additive group of a vector space of finite dimension over R, and does not contain 
compact subgroups apart from the trivial one. □ 

2.9 Corollary. Let G be a solvable connected group. Then every compact subgroup of G' is 
contained in KOR ( G ) . □ 

Connectedness is a crucial assumption in I2.9[ as finite groups show. Applications 
of 12.91 are given in l4.1l and l5.6l below. See also llO.l FcT and [T0!2l 



3 Lie algebras and pro-Lie groups 

For a Lie group L one model for the Lie algebra is the space Hom(R, L) of all one- 
parameter subgroups, cf. lllTll . This point of view works for quite general classes of 
topological groups, see [23l Ch. 2]. 

3.1 Definitions. For a topological group G let fi(G) denote the space Hom(R, G) en- 
dowed with the compact-open topology (i.e., the topology of uniform convergence on 
compact sets). We call exp: fi(G) — > G: X i— )• X(l) the exponential map for G. Multipli- 
cation of X G fi(G) by a scalar r G R is given as rX{t) := X{tr). 

Addition and the Lie bracket are more involved, and not defined for arbitrary topo- 
logical groups. We say that G has a Lie algebra if the following conditions are satisfied: 

(a) For all X, Y G £(G) there are elements X + Y and [X, Y] in fi(G) such that 

[X,Ym = Jimcomm(X(i),Y(i))"' 

hold for all i G R; here comm {g,h) := ghg^^h^^ is the group commutator. 

(b) The set C(G) is a topological Lie algebra with respect to these operations. 

We say that G has a generating Lie algebra if it has a Lie algebra and the range of the 
exponential map generates a dense subgroup of the connected component Gq. 

3.2 Examples. In 11231 3.5] it is shown that every projective limit G of Lie groups has a 
Lie algebra and, moreover, this Lie algebra fi(G) is a pro-Lie algebra: i.e., the filter basis 
of closed ideals of finite co-dimension in fi(G) converges to and fi(G) is complete as 
a topological vector space. In particular, this Lie algebra is residually finite-dimensional; 
the homomorphisms to finite-dimensional Lie algebras separate the points. 

Every almost connected pro-Lie group, and thus every almost connected locally com- 
pact group, has a generating Lie algebra, cf. ||23l 4.22]. 
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Our technical machinery culminates in the adjoint representation: 

3.3 Lemma (1231 2.27, 2.28, 2.30, 4.22, 8.1]). Let G be a topological group. 

(a) For each g G G there is a unique bijection Ad (g) o/fl(G) onto itself such that gX{t)g^^ = 
Ad{g){X){t) holds for all t e R. 

(b) The action G x fi(G) £(G): (^,X) ^ Ad{g){X) is continuous. 
Now assume that G has a Lie algebra. 

(c) For each g ^ G the bijection Ad(^) is an automorphism of the Lie algebra fi(G). 

(d) The adjoint representation Ad: G — ^ Aut(fi(G)) is a continuous linear representation, 
where Aut(fi(G)) is endowed with the strong operator topology (i.e., the topology of 
pointwise convergence). 

(e) The kernel of Ad is the centralizer of (the closure of) the subgroup generated by the range 
of the exponential function. 

(f) If G is a pro-Lie group then each ideal of the Lie algebra £(G) is invariant under the 
adjoint action of the connected component of G. 

3.4 Theorem. If G is a connected pro-Lie group then Kor(G) is contained in the center Z{G) 
of G and is therefore abelian. 

Proof. According to l3.3l the adjoint representation Ad induces ordinary representations 
on the finite-dimensional quotients of fi(G) that separate the points modulo ker Ad, 
which equals the center of G. □ 

3.5 Corollary. For every connected locally compact group G the group Kor(G) is contained 
in the center Z(G). □ 

Using IT2] and IT6l we infer: 

3.6 Corollary. The class Kor(ConnProLie) is closed under quotients modido locally com- 
pact groups while Kor(ConnLie) and Kor(ConnLCG) are closed under arbitrary (Haus- 
dorff) quotients. □ 

3.7 Remarks. (a) Theorem 13.41 does not extend to the case of arbitrary disconnected 

Lie groups even if we assume separability. In fact there are countable discrete 
groups G with Kor(G) = G, see 110.81 below. However, everything is fine for 
almost connected Lie groups, see 14.81 
(b) There are groups in LCG \ ProLie such that Ad is a faithful representation (of 
infinite degree) but every ordinary representation is trivial on the connected com- 
ponent, cf . 15.21 

The following observation will be useful to obtain restrictions on the structure and 
size (measured by the dimension, i.e., the rank of the Pontryagin dual) of members 
of Kor(ConnLCG); cf. [7l2l ItH and |9T] below. The passage to the closure of the 
commutator group is essential, cf. I4.3l and l5.7[ 

3.8 Lemma, (a) If G e ProLie then Kor(G) < G^. 

(b) IfG G ConnProLie (in particular, ifG G ConnLCG) then Kor(G) < Z(G) n G'. 
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Proof. The quotient G/ G' is an abelian proto-Lie group (see |23l 4.1]). Thus OR(G/ G') 
separates the points, and Kor(G/ G') is trivial. For each x G G \ G' we thus find some 
p G OR(G/ G') with X G' ^ kerp, and composing p with the quotient map we find 
p' G OR(G) such that x i kerp'. 

If G is also connected then Kor(G) <Z{G) has been established |331 □ 

4 Almost connected Lie groups 

4.1 Example. The following example has been around for quite some time, see |[34l 
4.14, p. 191] or I35|. We use it to show that IR/Z belongs to Kor(ConnLie). Let H 
be the real Heisenberg group; i.e., H = with the multiplication [a, b, x) * (c, d, y) = 
[a + c,b + d, X + y + ad — be). Clearly this is a connected Lie group, and the center 
{0}^ X R coincides with the commutator group H'. 

The cyclic subgroup Z := {0}^ x Z is closed and central in H. Thus H/Z is a con- 
nected nilpotent (and thus solvable) Lie group. According to 12.91 the compact central 
subgroup C := ({0}^ x K)/Z = R/Z of (H/Z)' is contained in Kor(H/Z). On the 
other hand, the quotient H / C = has a faithful ordinary representation. Therefore, 
we obtain Kor(H/Z) = C = R/Z. 

For every connected Lie group L with semi-simple Lie algebra one knows that Kor(L) 
is a discrete (and thus central) normal subgroup, cf. Il38l 5.3.6 Thm. 8, p. 264]. In fact, for 
any such group one can read off Kor(L) from l|38l Table 10, p. 318 f]. The relevant infor- 
mation is accessible algorithmically, see HI, [51. For our present purposes, we require 
explicit knowledge of the case where L is the simply connected covering of PSL2R. 

4.2 Example. Let S denote the simply connected covering of PSL2R. The center Z(S) 
of S is infinite cyclic, but no proper covering of SL2R admits a faithful ordinary rep- 
resentation; see IHSl Table 10, p.318f] (where the Lie algebra 5I2R occurs in the guise 
of 5P2R = 5P4j,+2lR for p = 0), cf. also IMl and M\ 95.9, 95.10]. Thus we obtain 
Kor(S) = {z2 I z G Z(S)} =Z. 

Passing from S to the quotient := S/{z^'' \ z G Z(S)} we find KOR(Srf) = Z/dZ 
for any nonnegative integer d. 

Instead of the simple group PSL2R we could use any other simple Lie group with 
infinite fundamental group (cf. ll0.4|) for the construction in 14.21 

4.3 Example. Again, let S denote the simply connected covering of SL2R, and let H 
be the real Heisenberg group (cf. 14.11) . Pick a generator ^ for the center of S. Then the 
subgroup K :— {(^^^^, (0, 0,z)) | z G Z} is closed and central. Passing to the quotient 
G := (S X H)/K amoimts to an identification of with (0, 0, 1) . 

Composing the inclusion maps of the two factors S and H with the quotient map 
modulo K we obtain continuous homomorphisms tjs and t]H from S and H, respec- 
tively, into G. Composition of ordinary representations of G with tjx then yields ordi- 
nary representations of X G {S, H}. 
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Any ordinary representation of S has in its kernel (cf. l4.2l) . Therefore, any ordinary 
representation (p of G yields a representation cp o rjn of H with (0,0,1) in its kernel. 
According to 14. II this implies {0}^ x R < ker(^ o fjn)- Therefore, the subgroup 

R ■= {(^22^(0,0,x)) I z G Z,x G R}/K 

is contained in Kor(G). Since G/R = SL2M. x has a faithful ordinary representation 
we obtain Kor(G) = R = R. 

The examples collected so far suffice to determine the class Kor(ConnLie). For the 
proof of l4.5l we need the following explicit description of the class CgAL (see also 1261). 

4.4 Proposition. The elements of CgAL are precisely those of the form 

X Yli^/djZ) X (R/Z)' X R'^ (*) 

where f, e, c are nonnegative integers and {dj)j^j is a finite family of positive integers. 

Proof. The groups with a product decomposition as in (*) are clearly compactly gen- 
erated Lie groups. Among all locally compact abelian groups, those of the form (*) 
are characterized by the property of being compactly generated and having no small 
subgroups, cf. BSl 21.17]. Since a Lie group has no small subgroups, the assertion fol- 
lows. □ 

4.5 Theorem. Exactly the compactly generated abelian Lie groups occur as Kor(L) /or a suit- 
able connected Lie group L. In other words, we have Kor(ConnLie) = CgAL. 

Proof. Each member of the class CcAL is isomorphic to a product 

X Yli^/djZ) X {R/zy X R^ 

where /, e, c are nonnegative integers and {dj)j^j is a finite family of positive integers, 
cf. 14.41 Thus the assertion of our theorem follows from 12.71 together with the examples 
given in l4.1[|42l and 14.31 Explicitly, the group 

L := Sf X nSrf, X (H/Zy x ((S x H)/Ky 

satisfies our requirements. In order to prove the converse it suffices to note that Kor(G) 
is a closed abelian subgroup of G if G G ConnLie, and thus lies in CgAL. □ 

4.6 Remark. Even for a simply connected Lie group L with simple complex Lie alge- 
bra it need not be true that L/Kor(L) has an irreducible faithful ordinary representa- 
tion. For instance, consider the simply connected covering SpiugC of SOsC; the center 
of that group is non-cyclic and cannot be mapped faithfully into the centralizer of an 
irreducible ordinary representation because that centralizer is a subgroup of the mul- 
tiplicative group of Hamilton's quaternions by Schur's Lemma. However, the group 
SpingC is linear, and KOR(SpingC) is trivial. 
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4.7 Theorem. If U is an open normal subgroup of finite index in G then Kor(!J) = Kor(G). 

Proof. For any p G OR(L[) the LZ-module Mp associated with p yields an induced mod- 
ule Lp := ind^Mp, cf. 139], 8.4, p.230f] or l30j XVIII 7.3]. The corresponding repre- 
sentation A: G — )■ GL(Lp) can now be combined with the faithful regular representa- 
tion fi: G/U — > GL(C'^'''^) of the finite quotient to obtain an ordinary representation 
of G whose kernel is contained in kerp. Since p G OR(LJ) was arbitrary we obtain 
Kor(G) < Kor(LJ). The reverse inclusion is clear from 12.21 □ 

In an almost connected Lie group G the discrete and compact quotient G/Gq is finite. 
Thus UZl yields: 

4.8 Corollary. If G is an almost connected Lie group then Kor(G) = Kor(Go). In particular, 
we/zflye Kor(almConnLie) = Kor(ConnLie) = CgAL. □ 

4.9 Remark. One would of course like to extend l48l to the classes almConnLCG C 
ALMCONNProLie. The ordinary representations of the compact quotient separate the 
points; thus Kor(G) < Gq if G G ALMCONNProLie. If one wants to proceed along 
the lines of the proof of 14.71 then there remains the problem to extend a representation 
of Go via induction. This question is treated by Mackey II32II where an invariant scalar 
product is assumed and the group in question is required to be locally compact and 
separable. Note that l4.7l yields Kor(L7) = Kor(G) for each open normal subgroup of G 
but Kor(Go) might still be smaller although Gq is the intersection of those open normal 
subgroups (cf. ^ 6.8]). 

5 Examples that are not Lie groups 

A natural source of locally compact groups that are not Lie groups originates from 
the fact that the class CG is closed under arbitrary cartesian products. Another well- 
understood (and rich) class of locally compact groups is the class LCA. Both classes do 
not contribute to Kor(LCG): 

5.1 Theorem. The class Kor(CG) U Kor(LCA) U Kor(AbProLie) consists of the trivial 
group alone. In fact Kor(G) is trivial for every abelian proto-Lie group G. 

Proof. The Peter-Weyl Theorem asserts that the ordinary representations separate the 
points in any compact group, cf. Il45l 14.33]. Thus Kor(CG) contains only the trivial 
group. 

It remains to consider A G LCA. Every character of A is a continuous homomor- 
phism from A into K/Z = SUiC < GLiC and thus belongs to OR(A). Pontryagin du- 
ality (cf. Il45l 22.6]) implies that the characters separate the points of A. Thus Kor(A) is 
trivial. 

For a proto-Lie group G the continuous homomorphisms to Lie groups separate the 
points. If G is abelian then it suffices to consider homomorphisms from G to abelian 
Lie groups, and it follows that Kor(G) is trivial. □ 
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5.2 Example. Let C be a compact simple non-abelian group and let D be any infinite 
discrete group. For instance, the group C = SO3K would do — in any case, C will 
be connected (see 1451 4.13]). The product topology turns into a compact connected 
group belonging to CONNLCG C CONNProLie butnot to Lie. We form the semidirect 
product G := D X where conjugation with d G D maps {Cj)j^B £ to (&;);gd with 
hj = c^j. Then G G LCG. 

The closed normal subgroups of are in one-to-one correspondence with the lattice 
of subsets of D, cf. 1441 3.12]: to / C D we associate the product Y\j(^D where Bj = Cj 
if 7 G / and Bj is trivial if / G D \ /. Consequently, every non-trivial closed normal 
subgroup of G contains the connected component Go = C^, and we have Kor(G) = 
Go = C^ here. 

Our investigation of the normal subgroups also makes clear that G does not belong 
to ProLie. 

5.3 Example. Let S again denote the universal covering group of SL2R. As in Il24l 
Ex. 0.6] we consider the filter basis J\f{S)^ of all nontrivial subgroups of the center 
of S. The projective limit G := lim^f£;y-(s)x S/N is a connected locally compact group 
(see 1241 2.12]) with a center Z(G) isomorphic to the universal zero dimensional com- 
pactification of Z. 

In other words Z(G) is isomorphic to Y\pev where P is the set of primes and Zp is 
the additive group of p-adic integers. Note that Z(G) has a unique quotient of order 2 
because Z(G)/{z2 | z G Z(G)} = ]lpgp Zp/ flpep 2Zp = Z2/2Z2 = Z/2Z. From lH 
2.14] we infer that G and G/Z(G) = PSL2R have essentially the same Lie algebra. 

As G/Z(G) = PSL2IR is a simple group, the only proper normal subgroups of G are 
those of Z(G). If p is an ordinary representation of G then |0(Z(G)) is a pro-finite sub- 
group of a Lie group and thus finite. This means that kerp = ker(|0|2(G)) is co-finite 
in Z(G), and G/ kerp is an extension of Lie groups (namely G/Z(G) = PSL2IR and the 
finite group Z(G)/ kerp). Now G/ kerp is a connected Lie group, has the same Lie al- 
gebra as PSL2IR and possesses a faithful ordinary representation. Thus |Z(G) / ker p| < 
2 and kerp contains {z^ | z G Z(G)} = flpgpZp. Since G/{z^ | z G Z(G)} = SL21R 
clearly has a faithful ordinary representation we obtain Kor(G) = IH^p^p Zp. 

5.4 Definitions. A topological group G is called monothetic if there exists g G G such 
that the closure of the subgroup generated by g is dense in G. Any such g is called 
a topological generator of G. The class of all compact monothetic (necessarily abelian) 
groups will be denoted by monCA. 

The one-parameter subgroups of G are the elements of Hom(R, G). We say that G 
has a dense one-parameter subgroup if there is ^ G Hom(R, G) with <p(]R) = G. 

5.5 Lemma, (a) A locally compact monothetic group is either compact or isomorphic to Z. 

(b) If A E LCA has a dense one-parameter subgroup then A is either isomorphic to IR or A 
is a connected compact monothetic group. 

(c) The Pontryagin duals of compact monothetic groups are the subgroups of the discrete 
group Q(2'°) X Q/Z. 
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(d) The duals of connected compact monothetic groups are the subgroups of the discrete 
group Q(2'°) -Rdi3„. 



Proof. The first two assertions are known as Weil's Lemma, cf. 145] 6.26]. Assertion (c) 
is due to JTTll . we present the argument for the reader's convenience. The existence 
of a cyclic subgroup means that there is an epimorphism rj: Z — > A in the category 
LCA which upon dualizing gives a monomorphism rj* : A* ^ Z* = R/Z; cf. Il45l 15.5, 
15.7, 20.13]. Since A is compact the dual A* is discrete (see. Il45l 20.6]), and we may 
interpret ?]* as an embedding of A* into the discrete group Rdiscr/^ - Q^^ x Q/Z. 
Now connectedness of A implies that A* is torsion-free (cf. [i45i 23.18]) and t]* induces 
an embedding of A* into the quotient Q^^^"^ of Raiser niodulo its torsion groupQ/Z. 

In order to prove the last assertion we dualize the epimorphism cp: R — > A to a 
monomorphism cp* : A* — > R* = R and then replace the range by the discrete group 
Rdiscr- n 



5.6 Example. Generalizing the construction described in l4.1l we take A € LCA with a 
dense one-parameter group cp G Hom(R, A) and define a multiplication * on R^ x A 
hj {a,b,x) * {c,d,y) = {a + c,b + d,x -\- y + cp{ad — be)). Then := (R^xA, *) 
is a connected locally compact group. If A is compact we proceed as in 14.11 to see 
KOR(Hy) = {0}2 X A = A. 

5.7 Example. Again, let S denote the universal covering group of SL2R. Assume that 
A is a compact monothetic group and let c be a topological generator. Proceeding as 
in 14.31 we construct the quotient G of S x A such that is identified with c. Then an 
argument as in l4.3l shows that Kor(G) contains the closure of c in G. This is a subgroup 
isomorphic to A. 



6 Connected pro-Lie groups 

In order to show CA C Kor(ConnProLie) we study free compact abelian groups. 

6.1 Definitions. For a pointed compact space X let X/ conn be the totally disconnected 
compact space of connected components of X and let U3(X) denote the weight of X (i.e., 
the minimal cardinality of a basis for the topology on X). Put rDo(X) := id(X) — 1; this 
coincides with U3(X) if the latter is infinite. 

Let Co(X, T) denote the set of all continuous functions from X to T mapping the base 
point to 0. This set endowed with the compact-open topology and the pointwise opera- 
tions becomes a topological group. The quotient [X,T] := Co(X,T)/Co(X,T)o modulo 
the connected component Co(X,T)o is discrete (cf. the paragraph preceding [22, 8.50]); 
its compact Pontryagin dual [X, T] * plays a crucial role in the structure of the free com- 
pact abelian group F{X). 

6.2 Theorem. For every nonsingleton pointed compact space the free compact abelian group 
F{X) is isomorphic to (Q*)'»(^)'° x Jlpep ^p"^^^""™' x [X,T]*. The group [X,T] is torsion- 
free, and its Pontryagin dual [X, T]* is a quotient of some power of Q*. 
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Proof. The structure of f (X) is known from [181 1-5.4], cf. ||22l 8.67]. For every compact 
Hausdorff space X the group [X,T] = H^{X,Z) is torsion-free, see IM 1.3.1], cf. ^ 
8.50(ii)]. For d := dimQ(Q [X,T]) we have an embedding of [X,T] into Q O [X,T] s 
q('^) which dualizes to the quotient map in question. □ 

6.3 Theorem. The class Kor(ConnProLie) contains at least the class n(CGAL U CA) = 
n({Z,R} U CA). In particular, wehave ConnAbProLie c Kor(ConnProLie). 

The class Kor(ConnLCG) contains the class smallLCA = P({Z,R} U monCA) 
consisting of all groups of the form lJ x A x W with e, / G N and a compact monothetic 
group A. 

Proof. Abelian pro-Lie groups are studied in ||2T]| , cf. Il23l Ch. 5]: in particular, the con- 
nected ones are of the form R"^ x C where c is arbitrary (possibly infinite) and C is a 
connected compact abelian group. Such a group belongs to ConnLCA precisely if c is 
finite, cf. HSl 24.9]. 

Let C be a compact abelian group. Then C is a quotient of the free compact abelian 
group f (C). From we know that F(C) is a quotient of a product of compact mono- 
thetic groups. The class MONCA of all compact monothetic groups is contained in 
Kor(CONNLCG) C KOR(CONNPROLlE)byEZ|andES FromOandiM] we conclude 
CA = Qn(MONCA) C Kor(CONNProLie) and QP(monCA) C Kor(CONNLCG). 

Froml43lwe recall that Z and R lie in Kor(CONNLCG) C Kor(CONNProLie); it 
remains to use products once again. □ 

6.4 Remark. The factor A in l6.3l cannot be arbitrarily large; we showrD(Ao) < 2^0 in lTll 
below. If the answer to 19.11 is affirmative then we know that SMALL LC A coincides 
with Kor(ConnLCG), cf.lTlSl 

6.5 Remarks. We have mentioned in l6.2l that the factor [X, T] * of F(X) has a torsion-free 
dual. Conversely, every torsion-free abelian group A is isomorphic to [X, T] for some 
compact connected Hausdorff space (namely, for the underlying space X = | A* | of the 
Pontryagin dual of A), see |18, 1.3.2]. The corrections in lfT9ll only concern assertions 
about cardinalities (dimension, rank) in IITSH . 

6.6 Proposition. Each discrete member of Kor(ConnProLie) is finitely generated. Each 
member of Kor(ConnLCG) is compactly generated. 

Proof. Discrete central subgroups of connected pro-Lie groups are finitely generated 
by Il25l 5.10]. Consider G G ConnLCG. Any compact neighborhood in Kor(G) gen- 
erates a central subgroup C of G, and KOR (G)/C is a discrete subgroup of G/C G 
ConnLCG C ConnProLie. Now it remains to note that the class of compactly gen- 
erated locally compact groups is closed under extensions, see Il45l 6.11]. □ 

6.7 Remark. Locally compact abelian groups are compactly generated precisely if they 
are contained in some almost connected locally compact group, see 1261 Cor. 1]. The 
compactly generated members of LCA are of the form x C x R"^ with natural num- 
bers e,f and some C G CA, cf. [451 23.11]. Note that every C G CA is contained in 
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a connected compact group because the characters separate the points: this yields an 
embedding into T*- . 



7 Connected locally compact groups 

Our aim in this section is to establish a bound on the size of Kor(G) if G G CONNLCG. 
To this end, we need some information on the weight (cf . 16.111 and generating rank. 

If X is discrete then vj{X) is just the cardinality |X|. The function m is monotonic; i.e. 
each subspace Y C X satisfies vci{Y) < w{X). For an infinite compact group the weight 
coincides with the local weight, i.e., the minimal cardinality of a neighborhood basis. 

For C e ConnCA a finer invariant than the weight is the rank dimQ(Q C*) of 
its dual C*. Note that C* embeds in Q C* only if C* is torsion-free (i.e., if C is con- 
nected, see |45l 23.18]). The rank of C* coincides with the topological dimension of C, 
cf. 11221 8.26]. Every compact abelian Lie group has finite dimension; its dual is finitely 
generated. 

7.1 Lemma, (a) For each positive integer n we have rD(R") = Hq. 

(b) The equality vo{A) = vo{A*) holds for each A G LCA. 

(c) In particular, for C G CA we have xo{C) = |C*|. 

(d) For C G CA ivehave u)(Co) = max{Ko,dimQ(Q C*)} unless C is trivial. 

(e) If n is a positive integer and C G ConnCA then m{W x C) = max{Ho, tD(C)}. 

(f) if G G CG and N is a totally disconnected closed normal (and thus central) subgroup 
of Go then ro(G) = w{G/N). 



Proof. The assertion on u)(R") is obvious from the fact that the underlying space is 
metrizable and the weight equals the local weight. See HTSl 24.14] or 122] 7.76] for asser- 



tion (b) The assertions on compact groups are taken from Il22l 12.25] and EOl 3.2]. □ 



7.2 Lemma. For C G CA we have rD(Co) < 2^° precisely ifCo is monothetic. If C ^ CA has 
a finitely generated dense subgroup then xo{C) < 2^°. 

Proof. From [7T] we know ro(Co) = dimQ(Q Cg). Since Cq is torsion-free we have an 
embedding )/ : Cq Q^Cq. Thus Cq is the dual of a monothetic group, see 15.51 □ 

7.3 Suitable sets and generating rank. Following [201 (cf. 1221 12.1]), a subset X of a 
topological group G is called suitable if it does not contain the neutral element 1, is 
discrete and closed in G \ {1}, and generates a dense subgroup of G. Every locally 
compact group possesses suitable sets by ||20l 1.12]. We define the generating rank s(G) 
as the minimum over the cardinalities of suitable sets. 

7.4 Examples, (a) For the additive group IR any two elements that are linearly inde- 

pendent over Q form a suitable set. Thus s(R) = 2. 
(b) A suitable set for K" needs at least n + 1 elements because fewer vectors will either 
be linearly dependent (and thus contained in a proper closed subgroup) or form a 
basis (and then generate a discrete proper subgroup). It is known that there exists 
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V E R" such that u + Z generates a dense subgroup of R" /Z" . The standard basis 
together with any such v forms a suitable set for R". Thus s(R") = n + 1. 

(c) For G G ConnCG the generating rank depends on the weight, see Il22l 12.22]: 

(i) If ro(G) < 2^0 and G is abelian (but not trivial) then s(G) = 1. 
(ii) If ro(G) < 2^0 and G is not abelian then s(G) = 2. 
(iii) If ro(G) > 2^0 thens(G) =min{D| m{G)<3^°}. 

(d) In particular, the generating rank of any connected Lie group is finite. 

7.5 Lemma (1221 12.26]). Let G E ConnCG and let N be a normal subgroup of G. Then 
s{G/N) < s(G) < s{G/N) + s(N). IfN is totally disconnected then s(G) = s(G/N). □ 

7.6 Reduction to maximal compact subgroups. Let G E ALmConnLCG. By the 
Mal'tsev-Iwasawa Theorem (see ESl Thm. 13] combined with the solution of Hilbert's 
Fifth Problem |49j , cf. J34| or 1129 1 ) there exists a maximal compact subgroup M of G 
which is unique up to conjugacy. If M G then there is a positive integer n (called 
the characteristic index in Il28ll ) and there are subgroups Ri, . . . ,R„ all isomorphic to R 
such that G = Ri ■ • ■ RnM. The number n equals the topological dimension dim G/M 
of the coset space G/ M (which is actually a manifold). If M = G we just have n = 0. 

Note that M is connected. Thus the weight of G equals that of M if G = M and 
satisfies xo{G) = max{Ko, tD(M)} otherwise. 

7.7 Proposition. For G E almConnLCG pick a maximal compact subgroup M of G. Then 
s(G) < 2 dim G/M + s(M). In particular, the generating rank s{G) is finite if vo{M) < 2^°. 
If ip: G ^ His a continuous homomorphism with dense range then s(G) > s(H). 

Proof. We use subgroups Ri,...,R„ as in 17.61 where n := dim G/M. Combining a 
suitable set for M with suitable sets for each Rj we find s(G)<2n + s(M). From [73] we 
thus infer that s(G) is finite if G G ConnLCG satisfies ro(G) < 2^o. 

Every suitable set X constructed in this way will be relatively compact because only 
finitely many elements lie outside the compact group M. Now 11221 12.4] asserts that 
j/7(X) \ {1} will be suitable in H whenever xp: G ^ H is a continuous homomorphism 
with dense range. □ 

7.8 Lemma. For each non-trivial G E ALmConnLCG zue have s{G) < ii'(G) < s{G)^°. 

Proof. By the Mal'tsev-Iwasawa Theorem (cf. I7.6|) we know that G is homeomorphic 
to R" X M for a maximal compact subgroup M and some nonnegative integer n. The 
estimates s(M) < xo{M) < s{M)^° are valid for any non- trivial compact group M, 
see 1221 12.27]. 

If the group G is compact it coincides with M. If M is trivial but n > 1 then l7.7l yields 
that s(G) < 2n is finite. Thus s(G) < = m{G) < 2^° = s{G)^°. 

There remains the case where G is not compact and M is not trivial. Then n > 1 
and rD(G) = maxj^O/ ro(M)}. Now the estimates s(G) < 2n + s(M) < Ho + s(M) < 
Ko + U)(M) = m{G) fromOand ro(G) = ^o + ^(M) < Kq + s{M)^° < 2^o + s(M)^o = 
s{G)^° yield the claim. □ 
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7.9 Remark. The inequality s(G) < u)(G) holds for arbitrary G e LCG see IlQl 4.2]. 

7.10 Lemma. Let G G ConnLCG. We consider a compact normal subgroup K of G, the 
centralizer C := Cg{K) and its connected component Cq. Then G = CqK. 

Proof. We abbreviate D := C H K. From Il28l Thm. 2] we know CK — G. The group C 
is a closed subgroup of the cr-compact group G and thus t7-compact itself, see Il45l 6.10, 
6.12]. The Open Mapping Theorem (cf. 1451 6.19]) yields that C/D is isomorphic to G/K. 
Now C/(CoD) is totally disconnected (cf. ||45j 6.9]) but also connected because it is a 
continuous image of C/D = G/K. Thus C = CqD and CqK = CqDK = CK = G. □ 

7.11 Theorem. If G E ConnLCG has a compact normal subgroup K such that G/K is a 
Lie group and Kq is abelian then s(G') is finite. Consequently, the group Kor(G) satisfies 
tD(KOR(G)) < 1^° in this case. 

Proof. The compact abelian normal subgroup Kq is contained in the center of G. A 
dense subgroup of G' is generated by 7 (S x S) where S is any suitable set for G/Kq and 
7: G/Kq X G/Kq G' : {aKo,bKo) aba^^b^^ is induced by the commutator map. 

We pick a maximal compact subgroup M of G. Then Kq < M and by 17.71 there ex- 
ists a nonnegative integer n such that s{G/Kq) < In + s{M/Kq). Now s{G/Kq) is 
finite because the compact connected Lie group M/K has finite generating rank and 
s{M/Kq) = s{M/K) byE3 

Thus we may choose a finite set S; then 7(SxS)\{l}isa finite (and thus indeed 
closed and discrete) suitable set for G'. The bound for the weight of Kor(G) now 
follows from l7.8[ monotonicity of the weight function and the fact that Kor(G) is con- 
tained in G', see 13.81 □ 

For any solvable compact group the connected component is abelian, see 11281 Thm. 2]. 
Thus [ZH] yields: 

7.12 Corollary. If G is a solvable connected locally compact group then s(G') < Hq and 
rD(KOR(G)) < roG' < 2^0. □ 

7.13 Example. Let H be any cardinal, let S be a connected compact Lie group with 
simple Lie algebra and non-trivial center Z, and put G := S^. Then Z is finite and 
S' = S. Thus G is a compact connected group with G' = G and Z(G) n G' = Z(G) = Z^. 
Now tD(Z(G) n G') = rD(Z^) = jZ*^^' |, and this cardinality may be arbitrarily large. 

7.14 Proposition. For each G G ConnLCG we have tD(KOR(G)o) < 2^"^ jyi particular, the 
connected component of the maximal compact subgroup o/Kor(G) is monothetic. 

Proof. Let K be the maximal compact normal subgroup of G (cf . Il28l Thm. 14]). Then l7.10l 
says G = CqK where Co is the connected component of the centralizer C := CG(i^) of X 
in G. Thus C = CqK' = C^ F because W is compact, and (Z(G) n G^)o < Co n G^ is 
contained in Cq(Co Pi X') < Co- 
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The locally compact group Co/(Co n JC) admits an injective continuous homomor- 
phism into the Lie group G/K and thus is a Lie group itself. Moreover, we have that 
Co n X is contained in the center of K and thus abelian. Thus 17. 1 T] applies to Co and K, 
yielding It) (C^) < 2^o. 

The group B :— Co H IC' is contained in the intersection of K' with the center of 
the compact group K. Thus B is totally disconnected, see \T1\ 9.23], and the quotient 
BCq / C'q = B/{B HCq) is totally disconnected, as well. This yields that the connected 
component Kor(G)o of Kor(G) is contained in C'q, and the bound u)(Kor(G)o) < 2^" 
is established. Now the connected component of the maximal compact subgroup of 
KOR ( G ) is monothetic by El □ 

7.15 Theorem. For each G G ConnLCG there exist A € CA and natural numbers e,f such 
that Aq is monothetic and Kor(G) = x A x W. In particular, the dimension of members 
of Kor(ConnLCG) is bounded by 2^°. 

Proof We combine [7l4l with l6B[671 andlT^H □ 



8 Partial results 

The classes Kor(SepLie), Kor(Lie), Kor(LCG) and Kor(ProLie) are quite large 
and not very well understood. We will indicate some large subclasses and note (in l8.4|l 
that these classes are not closed under the operations S, Q, and Q- 

8.1 Theorem. The class Kor(SepLie) contains the following: 

(a) The class Kor(ConnLie) = Kor(almConnLie) = CgAL, cf.KBlandKEl 

(b) All countable discrete simple groups with infinite elementary abelian subgroups, cf. llO.^fa)] 

(c) Countably infinite discrete simple groups with finitely many conjugacy classes, such as 
those constructed as HNN -extensions, see llO.^rb")] 

Moreover, Kor(SepLie) is closed under P. 

Note that Kor(SepLie) is considerably larger than Kor(almCONNLie) = CgAL. 

8.2 Theorem. The class Kor(LCG) contains the following: 

(a) The class Kor(SepLie) U Kor(ConnLCG), and thus CgAL and all compact mono- 
thetic groups. 

(b) All groups of the form C^ where C is a compact simple non-abelian group and D is 
infinite, see 15.21 

(c) All simple non-discrete totally disconnected locally compact groups. 

(d) All simple discrete groups of cardinality larger than 2^°. 

(e) All discrete simple groups with infinite elementary abelian subgroups. 
Moreover, Kor(LCG) is closed under P but not under n. 

The class in I8.^rc)| includes the simple p-adic groups such as PSL„Qp. Among the 
groups in l8.^rd)| we find, for instance, the simple classical groups over large fields such 
as PSL„F where f = Q(X) is a purely transcendental extension with a transcendency 
basis X such that IXl > IRI. 
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8.3 Proposition. The groups SO3R and PSL2C do not belong to Kor(TG). 

Proof. The Lie algebra fi(S03R) is isomorphic to the vector product algebra (R.^, x), 
and Ad(S03R) = SO3R contains all automorphisms of that algebra. Therefore, each 
automorphism of SO3R is an inner automorphism, se^ [22, 6.59]. 

Now assume that there exists a group G G TG with Kor(G) = SO3R. Then G is 
the direct product of Kor(G) with its centralizer C, see 17.101 Thus G/C = SO3R has a 
faithful ordinary representation, and Kor(G) < C. This is a contradiction. 

For the group PSL2C = PGL2C we can proceed in the same way because this group 
also has only inner automorphisms, see (4211 . cf. IfTOll . □ 

8.4 Corollary. The classes Kor(LCG) and Kor(ProLie) are not closed under any one of 
the operations S, Q, or Q. □ 

8.5 Remark. The group PSL2R has outer automorphisms (induced by elements of GL2R 
with non-square determinant). Every group PSL„f with n > 2 over a commutative 
field F has outer automorphisms induced by polarities of the projective space. Thus the 
argument used in the proof of 18.31 does not easily extend to arbitrary classical simple 
groups. 



9 Open questions 

9.1 Problem. Is it true that id(Kor(G)) < 2^° holds for every G G ConnLCG ? 

Comments on 9.1. If the answer to this problem is affirmative then Kor(ConnLCG) = 
SMALLLCA, cf. [631 1631 and [671 

In 16.6! we have seen that Kor(ConnLCG) consists of compactly generated groups, 
and 17.141 says that the connected component of the maximal compact subgroup of 
Kor(G) lies in SMALLCA. For an affirmative answer to l9.1l it suffices to exclude totally 
disconnected compact groups A with vo{A) > 2^° from Kor(ConnLCG) because that 
class is closed under the passage to Hausdorff quotients, cf . 12.51 

For G G ConnLCG consider the maximal compact normal subgroup K of G and 
let Co be the connected component of the centralizer of K. Then the weight of Co H K' 
may be arbitrarily large, as l7.13l shows. It is therefore clear that we have to find a more 
subtle approach than l3.8l if we want to give an affirmative answer to l9.1[ 

9.2 Problem. Which abelian pro-Lie groups are in Kor(CONNProLie) ? 

Comments on 9.2. Every element of Kor(ConnProLie) is contained in the center of 
a connected pro-Lie group (namely, G) and thus contained in some connected abelian 
pro-Lie group, cf. Il23l 12.90]. From 1631 we thus infer 

ConnAbProLie c Kor(ConnProLie) c S(ConnAbProLie) . 

A discrete abelian group belongs to Kor(ConnProLie) precisely if it is finitely gener- 
ated (and thus lies in CgAL), see l6.6[ 

2 The discussion of Aut(fi(S03]R)) in |22l p. 252] contains an error; indeed O3R \ SO3R g Aut(£(S03R)). 
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9.3 Problems. 

(a) Is Kor(CONNProLie) closed under Q ? 

(b) Is Kor(ConnProLie) closed under S ? 

Comments on 9.3. We know that Kor(ConnProLie) is not closed under Q because 
the group R"^ belongs to Kor(ConnProLie) but has a quotient which is not complete 
(cf. 1231 4.11]), and thus does not lie in Kor(CONNProLie) C AbProLie. 

From l3!6l we know that Kor(CONNProLie) is closed under quotients modulo locally 
compact groups. 

9.4 Problem. What about Kor(G) if G is an almost connected pro-Lie group, or an 
almost connected locally compact group? 

Comments on 9.4. The conclusion of l3.4l breaks down if we drop the assumption of con- 
nectedness, cf. 15.21 In many questions about the structure of pro-Lie groups it is possi- 
ble to weaken a connectedness hypothesis to "almost connected" (i.e., compactness of 
G/Go). For instance, almost connected locally compact groups are pro-Lie groups while 
for arbitrary disconnected locally groups the homomorphisms into Lie groups need not 
separate the points. We have seen inl?!8lthat Kor(almConnLie) = Kor(ConnLie) 
is very well behaved. 

The examples in 15.21 fail to be almost cormected, and also fail to be pro-Lie groups. 
The same applies to most of our examples of groups G G LCG with Kor(G) = G. Note 
that the discrete examples are in Lie C ProLie. 

9.5 Problems. For Q E {LCG,ProLie} we ask: 

(a) Is CA completely contained in Kor(^) ? 

(b) Is LCA completely contained in Kor(^) ? 

(c) Which part of CG is contained in Kor(^) ? 

(d) Which discrete groups are in Kor{Q) ? 

(e) What is KOR(g) ? 

Comments on 9.5. If we drop all cormectedness assumptions on G we obtain examples G 
where Kor(G) is not abelian. However, the inclusion Kor{Q) C Q falls far from being 
an equality. The class Kor(^) appears to be complicated and not accessible to an easy 
"constructive" description (such as; "take the following basic examples and use certain 
constructions like products or quotients"). 

Definitely, the class CG is not completely contained in Kor(^). For instance, we 
know that CG n Kor(^) is not closed under S or Q, see l8.3l 

It is also open whether arbitrary discrete groups are in Kor(ProLie). 

10 Appendix: linear groups 

We collect some known facts regarding the question whether a given group is linear, 
i.e., admits a faithful ordinary representation. In our present terminology, this means 
that the trivial group is a member of {kerp | p G OR(G)}. Examples like the additive 
group of p-adic integers or any infinite elementary abelian group show that this 
condition is, in general, much stronger than the condition that Kor(G) is trivial. 
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By way of contraposition, we use the criteria for linearity in certain examples in order 
to determine Kor(G) or to even show Kor(G) = G. See[ia8]but also l42ll431l571 

10.1 Theorem (Mal'tsev II33II , see IIT3ll ). Let Gbea connected Lie group. 

(a) The group G is linear if, and only if, its solvable radical and its maximal semisimple 
subgroups are linear. 

(b) IfG is semisimple and linear and Z is a discrete normal (i.e., central) subgroup ofG then 
G/Z is linear, as well. 

(c) If G is solvable then it is linear if, and only if, it is the semidirect product of a maximal 
compact subgroup and a simply connected normal subgroup. □ 

10.2 Theorem (Nahlus L36J). Let G be a connected Lie group with Lie algebra g := S(G), 
let r be the solvable radical of the commutator algebra g', and let 3 be the center of g. Choose a 
maximal torus T of the solvable radical of G and a maximal semisimple subgroup S. Then G is 
linear precisely ff r n 3 fl fi(T) = {0} and S is linear. □ 

We have seen that the structure of Kor(G) for a connected Lie group G may depend 
essentially on the choice of G as a quotient of its simply connected covering G. This 
raises the problem of characterizing those Lie algebras whose associated Lie groups are 
all linear. 

10.3 Theorem (Moskowitz l|35H ). Let q be a Lie algebra of finite dimension over R, let r 
be the solvable radical of the commutator algebra g', let 3 be the center of g, and let 5 be a 
maximal semisimple subalgebra of g. Then every connected Lie group with Lie algebra g is 
linear precisely if the simply connected group associated to s is linear and r n 3 = {0}. □ 

10.4 Examples. Among the connected Lie groups with simple Lie algebra, the most 
obvious non-linear examples are those with infinite center. These are precisely those 
connected Lie groups with simple Lie algebra where the maximal compact subgroups 
have centralizers of positive dimension. Cf. 114, Ch. VIII, § 6; Ch. X, § 6]. 

10.5 Theorem (Lee and Wu IISTll ). Assume that G is a connected Lie group, and that G is 
linear. Then the holomorph Aut(G) x G is linear if, and only if, one of the following holds: 

(a) The nilradical of G is simply connected. 

(b) The group G is perfect (i.e., coincides with its commutator subgroup). 

(c) The quotient GIG' is isomorphic to R/Z. □ 

10.6 Theorem (Burnside |7i, cf. [50, Ch. 2, 2.1, Cor. B and C, pp. 138 f]). 

(a) If G < GL„C has finite exponent (i.e. if there exists m > 1 such that {g"^ \ g E G} is 
trivial) then G is a finite group. 

(b) IfH < GL„C contains only finitely many conjugacy classes then H is finite. □ 

10.7 Theorem (Schur ||43| ). If G < GL„C is a torsion group (i.e., if every element of G has 
finite order) then every finitely generated subgroup of G is finite. □ 

10.8 Examples. Using Burnside's results we provide examples of (discrete) simple non- 
abelian groups in Kor(Lie) or even in Kor(SepLie) — separability just means count- 
ability here. 



21 



Markus Stroppel 



Kernels of linear representations of . . . pro-Lie groups 



(a) For each infinite field F of positive characteristic p the simple group PSL2F does 
not admit any non-trivial ordinary representation because it contains an infinite 
group of exponent p, cf. ll0.^ra)[ Thus KOR(PSL2f ) = PSL2F. 

(b) There exists a countably infinite group H such that every non-trivial element of H 
has infinite order, and all these elements form a single conjugacy class, see IIT6ll . 
Clearly this group H is simple, and Kor(H) = H follows from ll0.^rb)[ 

(c) If p is a sufficiently large prime then there exists a countably infinite group Olmp 
such that every proper subgroup of Olm^ has order p and any such subgroup 
contains a set of representatives for the conjugacy classes, see Il37l § 19]. We may 
conclude KOR(Olmp) = Olmp from any one of Burnside's results as stated in ll0.6l 
and also from llO.Tl 
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